Abstract-Next generation mobile networks will rely ever more heavily on resource sharing. In this paper, we study the sharing of radio access network and spectrum among mobile operators. We assess the impact of sharing these two types of resources on the performance of spatially distributed mobile networks. We apply stochastic geometry to observe the combined effect of, for example, the level of spatial clustering among the deployed base stations, the shared network size, or the coordination in shared spectrum use on network coverage and expected user data rate. We uncover some complex effects of mobile network resource sharing, which involve nonlinearly scaling gains and performance tradeoffs related to the sharing scenario or the spatial clustering level.
I. INTRODUCTION
Most studies of mobile network resource sharing focus on techno-economic aspects of sharing, while taking for granted the sharing gains to network coverage and capacity [1] , [2] , relying on an intuition that the more resources we share the better [3] . This intuition is predicated on over-provisioning of coverage and capacity, and, as such, tells us nothing about the intrinsic characteristics of a shared mobile network or a network sharing scenario. The goal of this work is to build a framework to assess technical trade-offs in radio access network, referred to also as infrastructure, and spectrum sharing in spatially distributed mobile networks.
A. Related Work
During the recent decade resource sharing in mobile networks has grown in popularity and it is considered now an important cost reduction measure for mobile network operators [2] . Indeed, both industry and research communities have already recognized the importance of network sharing in the evolution of mobile networks. The 3 rd Generation Partnership Project (3GPP) has defined standards for network sharing [4] : the Multi-Operator Core Network (MOCN), and the Gateway Manuscript received March 29, 2016 ; revised September 19, 2016 and November 30, 2016 ; accepted January 16, 2017 . Date of publication March 13, 2017 ; date of current version April 7, 2017 . This work was supported by the Science Foundation Ireland under Grant 10/IN.1/3007 and Grant 14/US/I3110. The associate editor coordinating the review of this paper and approving it for publication was M. Kountouris.
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Core Network (GWCN). Furthermore, in 2012 the European Commission issued a report making a case for spectrum and facility sharing in the European market [3] . Communications regulators have also been testing the feasibility of various spectrum sharing models, as is the case with, for example, the ruling of the Federal Communications Commission (FCC) to open military frequencies in the 3550-3700MHz band to mobile broadband services. 1 Finally, there are numerous commercial examples of mobile network resource sharing.
In the literature to date mobile network resource sharing has been analyzed from the perspective of techno-economic feasibility, a multi-operator resource allocation problem, or a simulation-based performance study. The techno-economic feasibility of sharing was thoroughly analyzed in the works of Markendahl et al. (see, for example, [5] , [6] ). Mobile network resource sharing in the form of a multi-operator resource allocation problem was studied in a number of articles that tackle infrastructure allocation [7] - [9] , spectrum allocation [10] , [11] , virtual resource sharing [12] , or the interchangeability between infrastructure and spectrum resources [13] , [14] . Simulation studies of the sharing gains over grid-allocated infrastructure was performed for a range of spectrum and infrastructure sharing scenarios [11] , [15] - [17] .
In our previous work [18] , we explored, with the help of stochastic geometry, the fundamental resource sharing tradeoffs in spatially distributed mobile networks. Application of stochastic geometry to mobile network resource sharing can be traced back to [19] , where the performance of infrastructure sharing in a two-operator Poisson point process (PPP) network is studied, and [20] , where spectrum sharing between deviceto-device networks and macrocell users is considered. At the same time as our work [18] , in [21] stochastic geometry was applied to a study of the interchangeability between spectrum and base station density. Building on our work, stochastic geometry models were applied to study the impact of distancedependent blockage on the sharing performance [22] , and in [23] and [24] to make the case for unmanaged spectrum sharing in millimetre-wave (mmWave) bands. Spectrum sharing for mmWave bands has become a topic in its own right, with different research groups, for example, [23] , [25] , [26] , studying different spectrum sharing schemes which exploit features specific to mmWave bands, such as pencil-wide antenna beams and distance-dependent shadowing.
B. Contributions
The subject of this article are the resource sharing tradeoffs in spatially distributed multi-operator mobile networks, extending our previous work in [18] . In the original article we studied basic coverage and rate trade-offs for the scenarios of unmanaged infrastructure sharing, spectrum sharing, and full sharing (when both spectrum and radio access infrastructure are shared). We considered two mobile operators whose networks were deployed either independently, or with clustering, i.e., with positive spatial correlation across base stations belonging to different operators. The clustering case is of particular interest as a model representative of real multioperator radio access network deployments (see [27] ). We also considered an asymptotic case of clustering, i.e., co-location, where the nearest base stations of sharing operators are located an arbitrarily small distance apart.
We extend our previous article [18] in three main ways. First, we differentiate between the sharing of spectrum bands experiencing flat or frequency-selective power fading, and provide a new analytical expression to describe the latter case. Second, we investigate the impact of exclusion zone-based coordination in inter-operator spectrum sharing. And, finally, we consider the impact of network density imbalance between the sharing operators on coverage.
We summarize the major contributions and findings of our work as:
• We provide mathematical expressions for the coverage probability and the average user rate for each of the sharing scenarios, for a shared network created as a union of |N | independently distributed networks.
• We show that infrastructure and spectrum sharing cannot be simply substituted for each other, as there exists a trade-off in coverage and rate between the two. Moreover, the combination of the two approaches does not simply produce linearly scaling gains, as the increase in rate is traded for a minor reduction in coverage (when compared to infrastructure sharing performed in isolation).
• We show that sharing of spectrum bands experiencing frequency-selective fading yields increased coverage over sharing of bands experiencing flat fading. Moreover, when bands are shared under the former case, there exists a cross-over point between the full and infrastructure sharing, which is present only when the channel has many strong multi-path components, e.g., a Rayleigh fading channel.
• We show that when infrastructure sharing occurs between networks with different densities, it is significantly more beneficial to the user of a smaller network. The opposite is true when only spectrum sharing is considered.
• We show that an increase in spatial clustering deteriorates coverage and rate for full and infrastructure sharing scenarios. However, when only spectrum is shared, we observe that there exists a cross-over point, i.e., the stronger the clustering the better coverage at low signalto-interference ratio (SIR) values and the worse coverage at high SIR values.
• We show that even a simple mechanism of coordination in spectrum sharing allows networks to achieve significant improvement in coverage without hampering the rates achievable by their users.
II. SYSTEM MODEL AND METHODOLOGY

A. System Model
We model transmitter deployment by a single operator as a point process defined as a random countable set 2 n ⊂ R 2 , with elements being random variables x i and n ∈ N , with N denoting the set of mobile operators. Each mobile operator holds a license to an individual spectrum band (each spectrum band is of equal size and does not overlap with any other operator's spectrum band), and, as such, we will often use n ∈ N to refer to a spectrum band licensed to operator n. We also denote = n∈N n as the set of all transmitter locations of all operators. We assume that the power of the signal received by the reference user y n of operator n ∈ N is affected by large-and small-scale fading: pathloss l(x) and power fading h x , where x denotes the location of the serving transmitter. The pathloss function l : R 2 → R + is of the form l(x) = ||x−y n || −α , where α is the pathloss exponent, while the power fading between the transmitter in x and y n is spatially independent and exponentially distributed with unit mean, i.e., we assume Rayleigh fading with unitary transmit power. These specific channel propagation assumptions are in line with best practice modelling of wireless networks in cellular bands [28] , and allow us to focus our analysis on the fundamental resource sharing trade-offs in spatially distributed networks. In the numerical analysis, we evaluate the impact that power fading has on the system performance by comparing results under Rayleigh fading to that under Nakagami-m fading. Analytical considerations of the impact of shadowing and generalized power fading models on the wireless network performance in cellular bands can be found in [29] and [30] , respectively. In addition, the impact of blockage on the performance of shared mobile networks has been recently considered in [22] .
We assume that the reference user will associate with the closest transmitter of operator n, i.e., argmin x∈ n ||x − y n ||, which implies that, when infrastructure sharing is in place, the reference user of operator n will associate with any network of any infrastructure sharing operator, i.e., the association rule becomes argmin x∈ ||x − y n ||. Note that, since the point processes we consider in the following are stationary, we assume that the reference user is always located in the origin. Moreover, our model applies to the downlink only and presupposes a full buffer transmission, i.e., each transmitter continuously operates in the selected band(s).
B. Performance Metrics
In our work we assess the efficiency of resource sharing utilizing two performance metrics: coverage probability and average user rate. The former represents the complementary cumulative distribution function (ccdf) of the signal-to-noise and interference ratio (SINR) and is defined as:
where θ is the reception threshold at the physical layer (given a linear receiver with interference treated as noise). Assuming exponential fading, the expression in Eq. (1) can be transformed into [31] :
where
is the Laplace transform of interference I ; f R (r ) is the distribution of distance to the serving base station in x. For a PPP network with intensity λ the Laplace transform of interference is known [31] , and it can be expressed as:
where α > 2, r denotes the distance to the nearest base station, and The average user rate can be defined as the expected rate of a user when adaptive modulation and coding is set so that the Shannon bound 3 is achieved for the instantaneous SINR of that user:
where b denotes the spectrum bandwidth. This average user rate may then be expressed in terms of the coverage probability [31] :
In the numerical results, we also consider user rate at the 5 th , 50 th (median), and 95 th percentile. The intention is to inspect how positive or negative effects of sharing are distributed across different users.
C. Scenarios
The conventional scenario of a commercial mobile market consists of competing operators, each of which owns the network infrastructure and holds a license to one spectrum band, which also implies that subscribers of one operator exclusively 4 utilize the infrastructure and spectrum of their operator as depicted in Fig. 1(a) . In this paper, we study interoperator resource sharing and, thus, we consider a number of network sharing scenarios. At the highest level of abstraction, we define three network sharing scenarios of infrastructure sharing, spectrum sharing, and full sharing, where both radio access network and spectrum are shared.
In the infrastructure sharing scenario, we assume that operators pool their radio access infrastructure without pooling their operational frequencies (see Fig. 1(b) ). Effectively, interference to the desired signal is identical to the singleoperator case, i.e., it comes from n where n is the operator to which the serving transmitter belongs. In the spectrum sharing scenario, we assume that operators allow access to their spectrum bands from outside of their network, without sharing their infrastructure (see Fig. 1(c) ). Effectively, interference to the desired signal of a user of operator n in spectrum band k ∈ N comes from all transmitters of operator k and the transmitters of all other operators. In the full sharing scenario, operators pool their radio access infrastructure and allow for shared use of spectrum. Spectrum pooling results in increased interference, as more transmitters may now operate in the same frequency band and users may connect to any of the transmitters of the sharing operators (see Fig. 1(d) ).
For the scenarios where spectrum is shared, i.e., spectrum and full sharing, we consider two cases of operators aggregating bands that experience: flat fading, and frequency-selective fading. All these scenarios include worst-case interference, i.e., uncoordinated use of shared spectrum among operators, hence we also study the scenario of coordinated shared spectrum use. In order to coordinate shared spectrum use among transmitters of the sharing operators, we apply exclusion zones, i.e., discs of arbitrary size centred at the locations of transmitters. Formally, a spectrum sharing exclusion zone for a spectrum band n is a disc of radius R n ∈ R + ∪ {0} centred at the location of a transmitter y ∈ n which prohibits transmitters of any operator other than n located within that disc from utilizing spectrum band n. For the sake of simplicity in the resulting expressions, we assume that R n is the same for all operators, yet a more general case requires simply an additional index. Now, some transmitter x utilizes spectrum band n ∈ N according to the following policy:
where v n x denotes the spectrum use policy for transmitter x for spectrum band n.
In Tab. I we summarize all the scenarios; a check mark should be interpreted as an indication that a specific feature is considered under a given scenario.
III. ANALYTICAL RESULTS
In this section, we apply stochastic geometry to derive analytical expressions for the coverage probability 5 for the scenarios of infrastructure, spectrum and full sharing between multiple mobile operators. We assume each mobile operator owns radio access infrastructure distributed according to a uniform PPP with intensity λ n , and has a license to use one spectrum band of bandwidth b. Whenever spectrum is shared, we differentiate between the sharing of spectrum bands 5 We express the average user rate in terms of the coverage probability, according to the relationship in Eq. (5).
that experience flat and frequency-selective fading. We also assume constant reception thresholds and constant noise levels across all shared spectrum bands, and, finally, we present all our results from the perspective of a reference user of operator n, always providing a general form and, whenever possible, an easy-to-interpret closed-form that emerges when an interference-limited regime is considered and α = 4.
A. Baseline Scenario
Expressions for the coverage probability and the average user rate for this scenario exist in the literature (see [31] ) and are given in Eq. (2) and Eq. (5), respectively.
B. Infrastructure Sharing Scenario
In this scenario users connect to the closest transmitter belonging to the network of any of the |N | operators. The SINR for this scenario for a subscriber of operator n takes the following form:
where W is the noise power, x ∈ n , and k ∈ N . Note that SINR k = 0 for any k = n. Proposition 1: The coverage probability of a reference user of operator n in the infrastructure sharing scenario can be expressed as:
The proof is provided in Appendix A.
Corollary 1:
When no noise and α = 4 is assumed, the coverage probability of a user of operator n is given as:
C. Spectrum Sharing Scenario
The SINR for this scenario takes the following form:
where x ∈ n , k ∈ N , and η is a scalar that accounts for the transmit power splitting across the shared bands, e.g., when k is the only band used by a transmitter η = 1, while if all spectrum bands are used η = |N |. Now, finding the coverage probability for the spectrum sharing scenario will be equivalent to finding the probability:
At the same time, the average user rate can then be expressed as:
which can be simplified to:
and subsequently to:
1) Sharing Spectrum Bands Under Flat Fading:
Thanks to the flat fading assumption, the expression in Eq. (11) can be simplified to:
where SINR k is described in Eq. (10).
Proposition 2:
The coverage probability of a user belonging to operator n in the spectrum sharing scenario under flat fading can be expressed as:
The proof is provided in Appendix B. Corollary 2: When no noise and α = 4 is assumed, the coverage probability of a user of operator n is given as:
The average user rate can be obtained by averaging over the obtained coverage probability expression following Eq. (14) .
2) Sharing Spectrum Bands Under Frequency-Selective Fading: When shared spectrum bands experience frequencyselective fading, we get the following result:
Proposition 3: The coverage probability of a user belonging to operator n from sharing of spectrum bands under frequency-selective fading can be expressed as:
Proof: The proof is provided in Appendix C. Corollary 3: When no noise and α = 4 is assumed, the coverage probability of a user of operator n is given as:
D. Full Sharing Scenario
The SINR model is essentially the same as in the spectrum sharing scenario, with the only difference being that the tagged transmitter comes from the pool of all infrastructure sharing operators.
1) Sharing Spectrum Bands Under Flat Fading: Proposition 4:
The coverage probability of a user of operator n in the full sharing scenario, when shared spectrum bands experience flat fading, can be expressed as:
Proof: Let us first recall the following result: the superposition of independent PPPs is also PPP, with intensity equal to the sum of the intensities of the component processes [32, Proposition 1.3.3] . In the case of the full sharing scenario, the users connect to the closest transmitter of any of the networks of the sharing operators and suffer interference from all the other transmitters. Formally a fully shared network is PPP = i∈N i with intensity λ = i∈N λ i . Therefore its coverage probability corresponds to that of the baseline case (single-operator and exclusive use of resources), yet with intensity λ.
When no noise and α = 4 is assumed, the coverage probability of a user of operator n simplifies to that of a singleoperator PPP network, expressed in Eq. (2). The average user rate can be calculated by substituting the obtained coverage probability into Eq. (14) .
2) Sharing Spectrum Bands Under Frequency-Selective Fading:
Proposition 5: The coverage probability of a user belonging to operator n in full sharing scenario, when shared spectrum bands experience frequency-selective fading, can be expressed as: Proof: The derivation of this result mirrors that provided in Appendix C, with a modification to the set of interferers.
Corollary 4:
IV. NUMERICAL RESULTS AND DISCUSSION
Having derived analytical results for the case of independently distributed networks of |N | operators, we now focus our analysis of resource sharing trade-offs on the case |N | = 2. This allows us to model clustered multi-operator deployments using the Gauss-Poisson process (GPP) [33] , which simplifies analysis of inter-operator clustering. 6 In the GPP, clusters of points are distributed according to a PPP with intensity λ. Each cluster consists of either one or two points with probability 1 − p and p, respectively, with one of the points being located in the center of the cluster while the other being uniformly distributed on a circle of radius u surrounding the cluster center. Despite this relatively simple definition, best-known analytical expression for the performance of a GPP-distributed network involves integration over the distance to the interfering transmitters, which may be cumbersome to evaluate numerically. 7 Therefore we evaluate the network sharing performance in a GPP distributed multi-operator network using Monte Carlo (MC) simulations. It is worth noting that, in both the PPP and GPP cases, the underlying process of distributing transmitters for a single-operator deployment is the PPP, which according to spatial statistical studies to date (see [27] , [35] ) may be considered a reasonable approximation of a real-world single-operator single-technology deployment.
When presenting our results, we focus on the fundamental trade-offs in wireless network resource sharing, hence, we use 6 Extension to analysis of shared clustered network when |N | > 2 would require that we utilize other than a GPP point process model, e.g., one of the Poisson clustered processes [33] . 7 Bounds on the Laplace transform of the GPP can be found in [34] .
the single-slope pathloss model with the pathloss exponent α = 4 (note that our analytical results are given for any α > 2) and Rayleigh power fading, which provide a reasonable set of assumptions for cellular network performance analysis [28] . We validate the Rayleigh fading assumption by comparing the performance results from our model to those from a model with Nakagami-m fading. The impact of more general propagation models on the performance of a wireless system was investigated in, for example, [29] , [30] . In addition, we assume no noise, i.e., we use the SIR, despite the noise power at the receiver being dependent on the number of aggregated spectrum bands (see, for example, Eq. (16) or Eq. (18)). The rationale is that most cellular systems are interference-limited -a rationale that is also followed by the seminal paper on the application of stochastic geometry to cellular networks (see [31] ). We divide our numerical analysis into five parts. First, we look into the fundamental performance impact of sharing based on our scenarios of infrastructure, spectrum and full network sharing, for the case of independently distributed infrastructure. Then, we look at the impact of network-related parameters, such as the number of sharing operators and the network density, on the sharing performance. Moreover, we validate the impact that our small-scale fading model has on the sharing gains. Subsequently, we relax the assumption of infrastructure independence and analyze the impact of spatial clustering between the infrastructure of different mobile operators. Finally, we inspect the worst-case interference assumption for the unmanaged spectrum sharing case and look at the performance improvement that results from coordination in shared spectrum use. We cross-validate our MC simulation results with the derived closed-form expressions (see Figures 2(a) and 2(b) ).
A. Fundamental Performance Impact of Inter-Operator Resource Sharing
The first thing we analyze is the comparative coverage result for various sharing scenarios, when networks of sharing operators are evenly sized. In Fig. 2(a) we immediately see that infrastructure sharing provides superior coverage over the no sharing and spectrum sharing. This comes from the fact that infrastructure sharing increases the number of transmitters that a user can attach to without affecting the interference in the network. Spectrum sharing significantly increases interference, as there may be active transmitters of another operator located arbitrarily close to the user; this results in the lowest coverage across the four sharing scenarios. When the shared spectrum bands experience frequency-selective fading (see Fig. 2(b) ), we see the coverage performance in each spectrum sharing scenario being significantly improved, due to diversity gains, with full sharing faring very closely to infrastructure sharing. Interestingly, there exists a cross-over point between the full and infrastructure sharing cases. Full sharing provides better coverage at low SIR values, as users experiencing strong interference are very susceptible to having unfavourable fading conditions, and, due to frequency-selective fading, coverage to such users may be significantly improved by simply transmitting over a number of spectrum bands. While high SIR users also benefit from the aggregation of multiple bands, it is still more beneficial for them to simply change their point of attachment.
When the average user rate is considered, we see that full sharing (4.30bit/s/Hz) significantly outperforms infrastructure (3.11bit/s/Hz) and spectrum (2.34bit/s/Hz) sharing. Surprisingly, unmanaged spectrum sharing among operators results in a rate that is only slightly better than that of a network where none of the resources are shared (2.15bit/s/Hz). The reason for this is the increase in interference, which trumps the majority of the gains from pooling spectrum bands. When we consider user data rate at different percentiles (see Fig. 3 ), we note that the rate distribution is highly skewed for each of the considered scenarios, as the median is significantly smaller than the average performance. This is especially true for the spectrum sharing scenario, where the average is 2.5 times higher than the median. From Fig. 3 , we can also see that in each sharing scenario users that already enjoy good quality service (95 th ) receive additional gains from sharing. These observations are consistent with observations in a recent paper [26] , and signify the need for some form of coordination in shared spectrum use to more evenly distribute the sharing gains among users. While Fig. 3 shows only the case of flat fading across shared bands, based on our observations, similar conclusions can be drawn for the case of frequency-selective fading.
B. Impact of the Number of Operators, and Network Density on Coverage/Rate
Now, we look at the impact that the number of operators and the network density have on the performance of wireless network sharing.
1) Number of Sharing Operators:
When infrastructure is shared (see Figures 4(a) and 4(b) ), coverage improves with the number of operators, with the greater gains coming from sharing with one additional operator, and diminishing marginal gains thereafter. However, when spectrum is shared without coordination, coverage decreases with the number of operators, due to an increase in the interference in the shared spectrum (see 4(c) and 4(d)). In each case, however, the average user rate improves (see Fig. 5 ). While in the case of full sharing this rate grows linearly (as it is independent of the density 8 ) sharing of only spectrum or infrastructure leads to much smaller gains.
2) Network Density Imbalance: We define the network density imbalance as the ratio between the intensities of the shared networks λ 2 /λ 1 , with λ 2 /λ 1 = 1 representing evenly sized networks. We can immediately note from Fig. 6(a) that it is the user of a smaller operator (λ 2 /λ 1 > 1) that benefits greatly, in terms of coverage probability, from infrastructure sharing. It comes from the fact that by adding on the infrastructure of a larger operator the distance to the nearest transmitter becomes significantly shortened. The opposite is true for spectrum sharing (see Fig. 6(b) ), whereby the user of the larger operator experiences lower interference and therefore maintains better coverage than the user of the smaller operator. These observations hold also if we extend our results to the case of spectrum sharing in bands experiencing frequency-selective fading.
C. Impact of the Small-Scale Fading
Since we differentiate between sharing of spectrum bands with flat fading and frequency selective fading, it is important that we validate the impact of the fading model used.
As expected, Rayleigh fading, which is typically used to model channels with a strong multi-path component, yields a lower bound on the sharing performance when flat fading is assumed (see Fig. 7(a) ). However, when we consider frequency selective fading (see Fig. 7(b) ), we see that Nakagami fading limits the gains obtained from spectrum sharing. This is because the variance of Nakagami fading decreases with the increase in the m parameter, limiting gains available from having independent fading in the shared spectrum bands.
D. Impact of Spatial Clustering
We change our perspective and observe the impact that clustering of infrastructure has on different sharing scenarios. As expected, in Figures 8(a) and 8(b) we observe that the increase in clustering (decreasing the cluster radius) deteriorates coverage (the direction of change marked with a red arrow) for both full and infrastructure sharing scenarios. For larger cluster radii the impact of clustering is negligible, while the closer the deployments get to co-location the more severe coverage deterioration becomes. In the case of spectrum sharing (Fig. 8(c) ), the impact of clustering on the sharing performance is more complex. At low SIR values we observe that the co-located infrastructure provides superior coverage while the independently distributed infrastructure fares the worst. After the cross-over point (slightly below 0dB) the situation reverses. This is related to an interplay between intraand inter-cluster interference. Clearly, decreasing the cluster radius increases intra-cluster interference. However, as the cluster radius decreases so does the inter-cluster interference, which depends on the change of the distribution of distances to the interferers outside of the serving cluster (pairs of interferers are getting closer to each other). Effectively, while we observe that clustering reduces the probability of obtaining SIR-values above the cross-over point (due to increased intercluster interference), we also observe an increase in the probability of obtaining SIR-values below the cross-over point (due to reduced intra-cluster interference), as compared to the independently distributed infrastructure.
When average user rate is considered (Fig. 9) , and the cluster radius is large enough, we can observe that the rate is always improved over the non-sharing scenario. Moreover, full sharing outperforms all the other sharing scenarios for most of the cluster radii. It is only at small cluster radii when the rate significantly drops and, when the infrastructure co-locates, full sharing achieves the same performance as spectrum sharing. From the figure we can also see that significant clustering and co-location of inter-operator networks have a dramatic effect on the rate performance of any scenario that relies on spectrum sharing (due to strong interference present in the shared network). These observations hold also if we extend our results to the case of spectrum sharing across bands experiencing frequency-selective fading.
E. Impact of Coordination in Use of Shared Spectrum
Finally, we perform a numerical study of the impact that a coordinated shared spectrum use has on interoperator interference, and, effectively, the coverage and rate Fig. 6 . Impact of network density imbalance on the coverage probability, for a user of a network with density λ 1 . performance. In this subsection we rely on results obtained by means of MC simulations, as the point process resulting from application of the coordinated spectrum use is a Poisson hole process (PHP) [33] which is considered to be analytically intractable. 9 In addition to the normalized exclusion zone radius, we provide the percentage of transmitters that are not permitted to use the shared spectrum (they utilize only the spectrum band licensed to their operator).
When exclusion zones are applied evenly to each of the operators, we observe an improvement in the coverage performance (see Figures 10(a) and 10(b) ). The elimination of the nearest interferers (R = 0.1) yields marginal improvements to coverage, and it is only if at least 50% of the transmitters of the other operator are removed (R > 0.2) that a more substantial improvement can be observed. Interestingly, the coverage Fig. 10 . Coverage probability for scenarios with coordinated use of shared spectrum, where R denotes the normalized exclusion zone radius and the percentages in brackets represent the portion of transmitters from each operator not allowed to utilize the spectrum of another operator. Fig. 11 . Rate performance of the 5 th percentile, median, and 95 th percentile users for scenarios with coordinated use of shared spectrum, where R denotes the normalized exclusion zone radius and the percentages in brackets represent the portion of transmitters from each operator not allowed to utilize the spectrum of another operator.
gains for the full sharing scenario are much lower than in the spectrum sharing scenario. That is because in the full sharing scenario a user is always connected to the closest transmitter, therefore the interference it experiences is not as severe as in the spectrum sharing case.
Remarkably the improvement to coverage does not result in significant deterioration to the user rate. Imposing an exclusion zone that eliminates as much as 75% of the transmitters has little effect on the average user rate. In order to explain this we need to understand that exclusion zones reduce interference (by removing interferers from the vicinity of the tagged transmitter), while reducing the chances that our tagged transmitter will enable a user to enjoy the benefits of spectrum sharing. These two effects cancel each other out, and we receive almost constant rate performance for a range of exclusion zone radii. When we consider user rates at different percentiles (Figures 11(a) and 11(b) ), we can see that while coverage improves the user rate does not deteriorate, with the median and 5 th percentile rates actually improving in the spectrum sharing scenario. Similar observations hold also for the case of frequency-selective fading, and spatial clustering in the shared infrastructure.
We applied the exclusion zone-based method of coordination simply because it allowed us to modify the geometry of the network, without changing our assumptions about the underlying transmission technology used. However, what we have seen is that real gains of spectrum sharing may only be available if more sophisticated methods of interoperator coordination in shared spectrum use are applied. This is confirmed in [26] , where application of inter-operator beamforming, combined with highly attenuating propagation of mmWave bands, allows to bring up the rate gains across all users.
V. CONCLUSION What we have shown in this work is that the performance gains brought about by mobile network resource sharing involve complex trade-offs that depend on what resources are being shared and on the nature of the mobile network deployments. The effects on the performance observed by a reference user include, among others, trade-offs in spectrum and radio access infrastructure sharing, and non-linear sharing gains with respect to the spatial clustering of the sharing networks or their sizes. In practical terms, this analysis allows us to capture how much sharing potential a network with specific spatial characteristics has or why a given sharing scenario may not be the most beneficial for some particular class of networks.
The goal of this work was to explore purely technical aspects of mobile network resource sharing in cellular bands, yet sharing decisions require also consideration of various non-technical aspects and externalities, such as operators' position in the market, their corporate strategy, legal framework surrounding mobile service provisioning, the political environment, or the economies of scope and scale for software-defined network hardware that may simplify managing of shared network resources. Some of these aspects were analyzed in other works (see, for example, [5] , [6] ). However, more work needs to be done in order to develop a clear understanding of how these aspects can be quantified and accounted for to complement technical analysis such as ours.
Our work is well-grounded in the fundamentals of mobile network resource sharing in cellular bands, which are, for most technologies used today, interference-limited. Resource sharing in new spectrum bands, such as mmWave, which offer better spatial separation between active transmitters, opens a possibility for definition of new resource sharing scenarios, and is already a subject of ongoing work efforts (see [23] - [25] ).
APPENDIX A INFRASTRUCTURE SHARING
The superposition of PPPs is also PPP, with intensity equal to the sum of the intensities of the component processes. Effectively, in the infrastructure sharing scenario the point process that describes the serving transmitter is with intensity λ = i∈N λ i . The probability distribution function (pdf) of the distance to the closest transmitter in the Euclidean plane (obtained from [37, Th. 1] ) can be expressed as:
Now, in the infrastructure sharing scenario the interference to which the user is exposed depends on the network to which the user is connected (since each operator utilizes its own spectrum band). To find the coverage probability over all networks of all the operators we need to find the expectation over the coverage probability of each individual network, which requires calculating the probability of associating with the network of operator n ∈ N . This association probability for a user with the network of operator n in the infrastructure sharing scenario can be found as follows:
where f R n (r ) is the distribution of distance from the reference user to the nearest transmitter of n, and P r < R j may be interpreted as the probability that there is no transmitter of j closer than a distance r from the user; this can also be referred to as the null probability for network j , which is exp(−πλ j r 2 ). After plugging the null probability for network j and Eq. (23) into Eq. (24), we get that:
Now, the coverage probability for the infrastructure sharing scenario can be expressed as (using the expression in Eq. (2)):
where p(θ |i ) is the coverage probability conditioned on connecting to the network of operator i , which can be expressed as:
where the Laplace transform L I i (θr α ) of the interference in network i is described using the form in Eq. (3), and f R i (r ) is the pdf of the distance from a user to the nearest transmitter of network i , given that it is also its serving transmitter among all networks. The latter can be derived as follows:
where F R i (r ) denotes the cumulative distribution function; (a) the denominator was derived in Eq. (25); (b) the inner probability is the null probability of network j , i.e., exp(−πλ j r 2 ). Finally, after making the necessary substitutions, we get the following expression:
The derivation of the average user rate requires plugging the obtained formula into Eq. (5), which concludes the proof.
APPENDIX B SHARING SPECTRUM BANDS UNDER FLAT FADING
Let us observe that the point process describing the closest transmitter to a reference user of operator n is n with intensity λ n . Following the same logic as previously, the expression for the probability of finding the closest transmitter at distance r is the same as in Eq. (23), yet with intensity λ n .
In the spectrum sharing scenario the interference to a user of operator n comes from: (i) all the transmitters of operator n that are at a distance r and further apart, which we denote as I r ( n ), and (ii) all the transmitters of all operators other than n, which may be at any arbitrary small distance to the reference user, which we denote as I 0 ( j ) and j = n. Now, the total interference is I = I r ( n ) + j =n I 0 ( j ), and its Laplace transform can be derived as follows:
where s = θr α , and (a) follows from the worst case scenario interference assumption, which allows us to treat the interference coming from the the networks of different operators as independent, and therefore replace the expectation of the product with the product of individual expectations. Now, L I r ( n ) (s) is given in Eq. (3), while L I 0 ( j ) (s) can be obtained as follows:
where (2), we get the expression for the coverage probability of operator n as in Eq. (16) . Calculation of the average user rate across the shared spectrum requires observing that the expectation of a sum of random variables is a sum of expectations of each individual random variable. Hence, we get that the average user rate is as in Eq. (14) , where p n (·) is the coverage probability from Eq. (16), which concludes the proof.
APPENDIX C SHARING SPECTRUM BANDS UNDER FREQUENCY-SELECTIVE FADING
When spectrum bands experiencing frequency-selective fading are shared, the coverage probability of a reference user of operator n in the spectrum sharing scenario can be obtained as follows: 
where (a) conditioned on the distance r to the nearest transmitter in x, the probability of coverage from at least one spectrum band may be expressed in terms of the probability of outage in each shared spectrum band; (b) s = θ/l(x); (c) given Rayleigh fading; (d) applying binomial expansion; (e) using the expression for the probability generating functional of the PPP [33, Th. 4.9] . Now, L k (s, λ n ) can be found as follows: 
where ( 
where Z 0 (θ, α, l) = 
